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© 2009 Elsevier Inc. All rights reserved.
1. Introduction
First studies dedicated to the theory of microstretch elastic bodies were published by Eringen [3–5]. This theory is
a generalization of the micropolar theory and a special case of the micromorphic theory. In the context of this theory
each material point is endowed with three deformable directors. A body is a microstretch continuum if the directors are
constrained to have only breathing-type microdeformations. Also, the material points of a microstretch solid can stretch and
contract independently of their translations and rotations.
The purpose of this theory is to eliminate discrepancies between classical elasticity and experiments, since the classical
elasticity failed to present acceptable results when the effects of material microstructure were known to contribute signiﬁ-
cantly to the body’s overall deformations, for example, in the case of granular bodies with large molecules (e.g. polymers),
graphite or human bones.
These cases are becoming increasingly important in the design and manufacture of modern day advanced materials, as
small-scale effects become paramount in the prediction of the overall mechanical behavior of these materials.
Other intended applications of this theory are to composite materials reinforced with chopped ﬁbers and various porous
materials.
After Eringen has established the theory of microstretch elastic solids, many other papers are concerned with this theory.
For instance, Ciarletta in [2] has used the basic results deduced by Eringen in order to investigate the isothermal bending of
microstretch elastic plates. In the paper [7] Iesan and Pompei have presented a solution of Boussinesq–Somigliana–Galerkin-
type for the boundary value problem in this context. Also, the paper [8] of Iesan and Nappa deals with the problem of
heat ﬂow in a micromorphic continua. They obtain a new theory of heat for materials with inner structure that permits
propagation of heat as thermal waves at ﬁnite speed. In our studies [10] and [11] we tackle some questions with regards to
these materials.
Previous papers on uniqueness and continuous dependence in elasticity or thermoelasticity had been based almost ex-
clusively on the assumptions that the elasticity tensor or thermoelastic coeﬃcients are positive deﬁnite (see, for instance
the paper [12]).
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dependence of solutions. For instance, a uniqueness result was indicated in paper [6] of Green and Laws by supplementing
the restrictions arising from thermodynamics with certain deﬁniteness assumptions.
Exceptions include a result of Brun [1], which has used the Lagrange identity to establish a uniqueness result in the
isothermal theory, but in conjunction with an energy conservation law.
The objective of our study is to examine by a new approach the mixed initial–boundary value problem in the context of
Thermoelasticity of microstretch solids. The approach is developed on the basis of Lagrange identity and its consequences.
Therefore, we establish the uniqueness and continuous dependence of solutions with respect to body forces, body couple,
generalized external body load and heat supply. We also deduce the continuous dependence of solutions of our problem
with respect to initial data and, at last, with respect to thermoelastic coeﬃcients. The results are obtained for bounded
regions of the Euclidean three-dimensional space. We point out, again, that the results are obtained without recourse to an
energy conservation law or to any boundedness assumptions on the thermoelastic coeﬃcients. Also, we avoid the use of
deﬁniteness assumptions on the thermoelastic coeﬃcients.
2. Basic equations
We assume that a bounded region B of three-dimensional Euclidean space R3 is occupied by a microstretch elastic
body, referred to the reference conﬁguration and a ﬁxed system of rectangular Cartesian axes. Let B¯ denote the closure
of B and call ∂B the boundary of the domain B . We consider ∂B to be a piecewise smooth surface and designate by ni the
components of the outward unit normal to the surface ∂B . Letters in boldface stand for vector ﬁelds. We use the notation vi
to designate the components of the vector v in the underlying rectangular Cartesian coordinates frame. Superposed dots
stand for the material time derivative. We shall employ the usual summation and differentiation conventions: the subscripts
are understood to range over integer (1,2,3). Summation over repeated subscripts is implied and subscripts preceded by a
comma denote partial differentiation with respect to the corresponding Cartesian coordinate.
The spatial argument and the time argument of a function will be omitted when there is no likelihood of confusion.
We refer the motion of the body to a ﬁxed system of rectangular Cartesian axes Oxi , i = 1,2,3. Let us denote by ui the
components of the displacement vector and by ϕi the components of the microrotation vector. Also, we denote by ω the
microstretch function and by θ the temperature measured from the constant absolute temperature T0 of the body in its
reference state.
As usual, we denote by ti j the components of the stress tensor and by mij the components of the couple stress tensor
over B . Also, we denote by λi the components of the microstress vector.
The equations of motion from Thermoelasticity of microstretch bodies are (see Iesan and Nappa [8]):
t ji, j +  f i = u¨i,
mji, j + εi jkt jk + gi = Ii jϕ¨ j,
λi,i − τ + l = J ω¨. (1)
The equation of energy is given by
T0η˙ = qi,i + r. (2)
In the above equations we have used the following notations:
– f i are the components of body force;
– gi are the components of body couple;
– l = the generalized external body load;
– τ = 3s, where s is the generalized internal body load;
– λi are the components of the internal hypertraction vector;
–  is the reference constant mass density;
– J and Ii j = I ji are the coeﬃcients of microinertia;
– ti j , mij and λi are the components of the stress;
– η is the entropy per unit mass;
– r is the heat supply per unit mass;
– qi are the components of heat ﬂux vector.
For an anisotropic and homogeneous microstretch thermoelastic material, the constitutive equations have the form:
ti j = Aijrsεrs + Bijrsμrs + Dijrγr + aijω − Eijθ,
mij = Bijrsεrs + Cijrsμrs + Eijrγr + bijω − Dijθ,
λi = Drsiεrs + Ersiμrs + Cijγ j + diω − Fiθ,
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η = Eijεi j + Dijμi j + Fiγi + αω + a
T0
θ,
qi = kijθ, j, (3)
where Aijrs , Bijrs , Cijrs , Dijr , Eijr , aij , bij , ci j , di , Eij , Dij , Fi , m, α, a and kij are the characteristic constitutive coeﬃcients.
The components of the strain tensors εi j , μi j and γi are deﬁned by means of the geometric equations:
εi j = u j,i + εi jkϕk, μi j=ϕ j,i, γi = ω,i, (4)
where εi jk is the alternating symbol.
The constitutive coeﬃcients obey the following symmetry relations
Aijrs = Arsi j, Cijrs = Crsi j, Cij = C ji, kij = k ji . (5)
One can assume that a positive constant λ0 exists such that
Ii jξiξ j  λ0ξiξi, ∀ξi .
Also, the Second Law of Thermodynamics implies that:
kijξiξ j  0, ∀ξi .
We denote by ti the components of surface traction, mi the components of surface couple, p the microsurface traction and
q the heat ﬂux. These quantities are deﬁned by
ti = t jin j, mi =mjin j, p = λini, q = qini,
at regular points of the surface ∂B .
Here, ni are the components of the outward unit normal of the surface ∂B .
Along with the system of ﬁeld equations (1)–(4) we consider the following initial conditions:
ui(x,0) = u0i(x), u˙i(x,0) = u1i(x),
ϕi(x,0) = ϕ0i(x), ϕ˙i(x,0) = ϕ1i(x), x ∈ B¯,
ω(x,0) = ω0(x), ω˙(x,0) = ω1(x)
θ(x,0) = θ0(x), (6)
and the following prescribed boundary conditions:
ui = u¯i on ∂B1 × [0, t0), ti = t¯i on ∂Bc1 × [0, t0),
ϕi = ϕ¯i on ∂B2 × [0, t0), mi = m¯i on ∂Bc2 × [0, t0),
ω = ω¯ on ∂B3 × [0, t0), p = p¯ on ∂Bc3 × [0, t0),
θ = θ¯ on ∂B4 × [0, t0), q = q¯ on ∂Bc4 × [0, t0), (7)
where t0 is some instant that may be inﬁnite. Also, ∂B1, ∂B2, ∂B3 and ∂B4 with respective complements ∂Bc1, ∂B
c
2, ∂B
c
3
and ∂Bc4 are subsets of the surface ∂B such that
∂B1 ∩ ∂Bc1 = ∂B2 ∩ ∂Bc2 = ∂B3 ∩ ∂Bc3 = ∂B4 ∩ ∂Bc4 = ∅,
∂B1 ∪ ∂Bc1 = ∂B2 ∪ ∂Bc2 = ∂B3 ∪ ∂Bc3 = ∂B4 ∪ ∂Bc4 = ∂B.
Also, u0i , u1i , ϕ0i , ϕ1i , ω0, ω1, θ0, u¯i , t¯i , ϕ¯i , m¯i , ω¯, p¯, θ¯ and q¯ are prescribed functions in their domains. To avoid
repeating the regularity assumptions, we assume from the beginning that:
(i) all constitutive coeﬃcients are continuously differentiable functions on B¯;
(ii) , I jk and J are continuous on B¯;
(iii) f i , gi , l and r are continuous on B¯ × [0, t0);
(iv) u0i , u1i , ϕ0i , ϕ1i , ω0, ω1 and θ0 are continuous on B¯;
(v) u¯i , ϕ¯i , ω¯ and θ¯ are continuous on ∂B1 × [0, t0), ∂B2 × [0, t0), ∂B3 × [0, t0) and ∂B4 × [0, t0), respectively;
(vi) t¯i , m¯i , ω¯, p¯ and q¯ are piecewise regular on ∂Bc1 × [0, t0), ∂Bc2 × [0, t0), ∂Bc3 × [0, t0) and ∂Bc4 × [0, t0), respectively and
continuous in time.
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u¨i = (Aijrsεrs), j + (Bijrsμrs), j + (Dijrγr), j + (aijω), j − (Eijθ), j +  f i,
Ii jϕ¨ j = (Bijrsεrs), j + (Cijrsμrs), j + (Eijrγr), j + (bijω), j − (Dijθ), j
+ εi jk(A jkrsεrs + B jkrsμrs + D jkrγr + a jkω − E jkθ) + gi,
J ω¨ = (Drsiεrs),i + (Ersiμrs),i + (Cijγ j),i + (diω),i − (Fiθ),i − aijεi j − bijμi j − diγi −mω + αθ + l,
θ˙ + T0(Eij ε˙i j + Dijμ˙i j + Fi γ˙i + αω˙) = (kijθ, j),i + r. (8)
By a solution of the mixed initial–boundary value problem of the theory of thermoelasticity of microstretch bodies in the
cylinder Ω0 = B × [0, t0) we mean an ordered array (ui,ϕi,ω, θ) which satisﬁes the system of Eqs. (8) for all (x, t) ∈ Ω0,
the boundary conditions (7) and the initial conditions (6).
3. Main result
Let us consider f (t, x) and g(t, x) two functions assumed to be twice continuously differentiable with respect to the
time variable t . By direct calculations, it is easy to deduce that
d
dt
( f g˙ − f˙ g) = f˙ g˙ + f g¨ − f¨ g − f˙ g˙ = f g¨ − f¨ g.
For the sake of simplicity, the spatial argument and the time argument of the functions f (t, x) and g(t, x) are omitted
because there is no likelihood of confusion.
In the above equality, we substitute the functions f (t, x) and g(t, x) by the functions Ui(x, t) and Vi(x, t), which are,
also, assumed to be twice continuously differentiable with respect to the time variable and then we obtain the following
well-known Lagrange’s identity:∫
B
(x)
[
Ui(x, t)V˙ i(x, t) − U˙ i(x, t)Vi(x, t)
]
dV
=
t∫
0
∫
B
(x)
[
Ui(x, s)V¨ i(x, s) − U¨ i(x, s)Vi(x, s)
]
dV ds +
∫
B
(x)
[
Ui(x,0)V˙ i(x,0) − U˙ i(x,0)Vi(x,0)
]
dV . (9)
Let us denote by (u(α)i ,ϕ
(α)
i ,ω
(α), θ(α)) (α = 1,2) two solutions of the mixed initial–boundary value problem deﬁned
by (8), (6) and (7) which correspond to the same boundary data and same initial data, but to different body forces, body
couples, generalized external body loads and heat supplies,(
f (α)i , g
(α)
i , l
(α), r(α)
)
(α = 1,2),
respectively.
We introduce the following notations:
vi = u(2)i − u(1)i ,
ψi = ϕ(2)i − ϕ(1)i ,
δ = ω(2) − ω(1),
χ = θ(2) − θ(1). (10)
We are now in position to prove ﬁrst basic result.
Theorem 1. For the differences (vi,ψi, δ,χ) of two solutions of the mixed initial–boundary value problem (8), (6) and (7), the La-
grange identity becomes:
2
∫
B
[
vi(t)v˙ i(t) + Ii jψi(t)ψ˙ j(t) + Jδ(t)δ˙(t)
]
dV +
∫
B
1
T0
kij
( t∫
0
χ,i(ξ)dξ
)( t∫
0
χ, j(ξ)dξ
)
dV
=
t∫
ds
∫

[
vi(2t − s)Fi(s) − vi(s)Fi(2t − s) + ψi(2t − s)Gi(s) − ψi(s)Gi(2t − s)
]
dV0 B
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t∫
0
ds
∫
B

[
δ(2t − s)L(s) − δ(s)L(2t − s)]dV
+
t∫
0
ds
∫
B
1
T0
[
χ(s)
2t−s∫
0
P(ξ)dξ − χ(2t − s)
s∫
0
P(ξ)dξ
]
dV , (11)
where we have used the notations
Fi = f (2)i − f (1)i , Gi = g(2)i − g(1)i , L = l(2) − l(1), P = r(2) − r(1). (12)
Proof. Because of the linearity of the problem deﬁned by (8), (6) and (7), we deduce that the differences (vi,ψi, δ,χ)
from (10) represent the solution of a mixed initial–boundary value problem analogous to (8), (6) and (7) in which the loads
are (Fi,Gi,L,P) from (12), but the corresponding initial conditions and the corresponding boundary conditions become
homogeneous.
By setting
Ui(x, s) = vi(x, s), Vi(x, s) = vi(x,2t − s), s ∈ [0,2t], t ∈
[
0,
t0
2
)
,
then the identity (9), after some straightforward calculus, becomes
2
∫
B
vi(t)vi(t)dV =
t∫
0
ds
∫
B

[
vi(2t − s)v¨ i(s) − v¨ i(2t − s)vi(s)
]
dV , (13)
where we have used the fact that the initial and boundary data are null.
We shall eliminate the inertial terms on the right-hand side of the relation (13) by means of the equations of motion for
the differences (vi,ψi, δ,χ).
So, in view of Eq. (1)1, we have

[
vi(2t − s)v¨ i(s) − v¨ i(2t − s)vi(s)
]
= [vi(2t − s)t ji(s) − vi(s)t ji(2t − s)], j + [t ji(2t − s)v j,i(s) − t ji(s)v j,i(2t − s)]
+ [Fi(s)vi(2t − s) − Fi(2t − s)vi(s)].
If we use the geometric equations (4), the above equation becomes

[
vi(2t − s)v¨ i(s) − v¨ i(2t − s)vi(s)
]
= [vi(2t − s)t ji(s) − vi(s)t ji(2t − s)], j + [Fi(s)vi(2t − s) − Fi(2t − s)vi(s)]
+ t ji(2t − s)εi j(s) − t ji(s)εi j(2t − s) − εi jk
[
t ji(2t − s)ψk(s) − t ji(s)ψk(2t − s)
]
= Aijrs
[
εrs(2t − s)εi j(s) − εrs(s)εi j(2t − s)
]+ Bijrs[μrs(2t − s)εi j(s) − μrs(s)εi j(2t − s)]
+ Dijr
[
γr(2t − s)εi j(s) − γr(s)εi j(2t − s)
]+ aij[δ(2t − s)εi j(s) − δ(s)εi j(2t − s)]
− Eij
[
χ(2t − s)εi j(s) − χ(s)εi j(2t − s)
]− εi jk Ai jrs[εrs(2t − s)ψk(s) − εrs(s)ψk(2t − s)]
− εi jk Bi jrs
[
μrs(2t − s)ψk(s) − μrs(s)ψk(2t − s)
]− εi jkDijr[γrs(2t − s)ψk(s) − γrs(s)ψk(2t − s)]
− εi jkai j
[
δ(2t − s)ψk(s) − δ(s)ψk(2t − s)
]+ εi jk Ei j[χ(2t − s)ψk(s) − χ(s)ψk(2t − s)]. (14)
Now, we employ the symmetry conditions of the coeﬃcients Ii j such that we can write
Ii j
d
dt
[
Wi(t)ψ˙ j(t) − W˙ i(t)ψ j(t)
]= Ii j[Wi(t)ψ¨ j(t) − W¨ i(t)ψ j(t)].
Based on this equality, recalling that the differences satisfy null initial data, the following identity is obtained
∫
Ii j
[
Wi(t)ψ˙ j(t) − W˙ i(t)ψ j(t)
]
dV =
t∫
ds
∫
Ii j
[
Wi(s)ψ¨ j(s) − W¨ i(s)ψ j(s)
]
dV .B 0 B
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Wi(s) → ψi(2t − s), s ∈ [0,2t], t ∈
[
0,
t0
2
)
,
which leads us to the equality
2
∫
B
Ii jψi(t)ψ˙ j(t)dV =
t∫
0
ds
∫
B
Ii j
[
ψi(2t − s)ψ¨ j(s) − ψ¨i(2t − s)ψ j(s)
]
dV . (15)
We shall eliminate the inertial terms on the right-hand side of the relation (15) by means of the equations of motion for
the differences (vi,ψi, δ,χ).
Taking into account Eq. (1)2, we have
Ii j
[
ψi(2t − s)ψ¨ j(s) − ψ¨i(2t − s)ψ j(s)
]
= ψi(2t − s)
[
mji,i(s) + εi jkt jk(s) + Gi(s)
]− ψi(s)[mji,i(2t − s) + εi jkt jk(2t − s) + Gi(2t − s)]
= [ψi(2t − s)mji,i(s) − ψi(s)mji,i(2t − s)], j − ψi, j(2t − s)mji(s) + ψi, j(s)mji(2t − s)
+ εi jk
[
ψi(2t − s)t jk(s) − ψi(s)t jk(2t − s)
]+ [ψi(2t − s)Gi(s) − ψi(s)Gi(2t − s)].
By using the geometric equation (4)2, from the above identity we obtain
Ii j
[
ψi(2t − s)ψ¨ j(s) − ψ¨i(2t − s)ψ j(s)
]
= [ψi(2t − s)mji,i(s) − ψi(s)mji,i(2t − s)], j − [ψi(2t − s)Gi(s) − ψi(s)Gi(2t − s)]
− μ ji(2t − s)mji(s) + μ ji(s)mji(2t − s) + εi jk
[
ψi(2t − s)t jk(s) − ψi(s)t jk(2t − s)
]
.
Now, we use the constitutive equations (3) such that the above identity becomes
Ii j
[
ψi(2t − s)ψ¨ j(s) − ψ¨i(2t − s)ψ j(s)
]
= [ψi(2t − s)mji,i(s) − ψi(s)mji,i(2t − s)], j − [ψi(2t − s)Gi(s) − ψi(s)Gi(2t − s)]
+ Bijrs
[
εrs(2t − s)μ ji(s) − εrs(s)μ ji(2t − s)
]+ Cijrs[μrs(2t − s)μ ji(s) − μrs(s)μ ji(2t − s)]
+ Eijr
[
γr(2t − s)μ ji(s) − γr(s)μ ji(2t − s)
]+ bij[δ(2t − s)μ ji(s) − δ(s)μ ji(2t − s)]
− Dij
[
χ(2t − s)μ ji(s) − χ(s)μ ji(2t − s)
]+ εi jk A jkrs[εrs(s)ψi(2t − s) − εrs(2t − s)ψi(s)]
+ εi jk B jkrs
[
μrs(s)ψi(2t − s) − μrs(2t − s)ψi(s)
]+ εi jkD jkr[γr(s)ψi(2t − s) − γr(2t − s)ψi(s)]
+ εi jka jk
[
δ(s)ψi(2t − s) − δ(2t − s)ψi(s)
]− εi jk E jk[χ(s)ψi(2t − s) − χ(2t − s)ψi(s)]. (16)
It is easy to prove that
J
d
dt
[
W (t)δ˙(t) − W˙ (t)δ(t)]= J[W (t)δ¨(t) − W¨ (t)δ(t)].
Taking into account that the differences satisfy null initial data, we can write
∫
B
J
[
W (t)δ˙(t) − W˙ (t)δ(t)]dV =
t∫
0
ds
∫
B
J
[
W (s)δ¨(s) − W¨ (s)δ(s)]dV .
In this equality we use the substitution
W (s) → δ(2t − s), s ∈ [0,2t], t ∈ [0, t0/2),
such that we deduce
2
∫
B
Jδ(t)δ˙(t)dV =
t∫
0
ds
∫
B
J
[
δ(2t − s)δ¨(s) − δ¨(2t − s)δ(s)]dV . (17)
We want eliminate the inertial terms on the right-hand side of the relation (17) by means of the equations of motion for
the differences (vi,ψi, δ,χ).
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J
[
δ(2t − s)δ¨(s) − δ¨(2t − s)δ(s)]
= δ(2t − s)[λi,i(s) − τ (s) + L(s)]− δ(s)[λi,i(2t − s) − τ (2t − s) + L(2t − s)]
= [δ(2t − s)L(s) − δ(s)L(2t − s)]− [δ(2t − s)τ (s) − δ(s)τ (2t − s)]
+ [δ(2t − s)λi(s) − δ(s)λi(2t − s)],i − λi(s)δ,i(2t − s) + λi(2t − s)δ,i(s)
= [δ(2t − s)λi(s) − δ(s)λi(2t − s)],i + [δ(2t − s)L(s) − δ(s)L(2t − s)]
− [δ(2t − s)τ (s) − δ(s)τ (2t − s)]− λi(s)γi(2t − s) + λi(2t − s)γi(s).
On the right-hand side of this equality we have used the geometric equation (4)3.
Now, on the above equality we use the constitutive equations (3) and obtain
J
[
δ(2t − s)δ¨(s) − δ¨(2t − s)δ(s)]
= [δ(2t − s)λi(s) − δ(s)λi(2t − s)],i + [δ(2t − s)L(s) − δ(s)L(2t − s)]
− aij
[
εi j(s)δ(2t − s) − εi j(2t − s)δ(s)
]− bij[μi j(s)δ(2t − s) − μi j(2t − s)δ(s)]
− di
[
γi(s)δ(2t − s) − γi(2t − s)δ(s)
]+ α[χ(s)δ(2t − s) − χ(2t − s)δ(s)]
− Drsi
[
εrs(s)γi(2t − s) − εrs(2t − s)γi(s)
]− Ersi[μrs(s)γi(2t − s) − μrs(2t − s)γi(s)]
− di
[
δ(s)γi(2t − s) − δ(2t − s)γ (s)
]+ Fi[χ(s)γi(2t − s) − χ(2t − s)γ (s)]. (18)
Let us integrate the equalities (14), (16) and (18) and add the resulting relations. With the aid of the divergence theorem
and taking into account the fact that the differences (vi,ψi, δ,χ) satisfy the null initial data and null boundary data, we
are lead to the relation∫
B
[vi v˙ i + Ii jψiψ˙ j + Jδδ˙]dV
=
t∫
0
ds
∫
B

[Fi(s)vi(2t − s) + Gi(s)ψi(2t − s) + L(s)δ(2t − s)
− Fi(2t − s)vi(s) − Gi(2t − s)ψi(s) − L(2t − s)δ(s)
]
dV
=
t∫
0
ds
∫
B
Eij
[
εi j(2t − s)χ(s) − εi j(s)χ(2t − s)
]
dV +
t∫
0
ds
∫
B
Dij
[
μi j(2t − s)χ(s) − μi j(s)χ(2t − s)
]
dV
+
t∫
0
ds
∫
B
Fi
[
γi(2t − s)χ(s) − γi(s)χ(2t − s)
]
dV +
t∫
0
ds
∫
B
a
[
ω(2t − s)χ(s) − ω(s)χ(2t − s)]dV . (19)
In view of constitutive equation (3)5, it results
Eij
[
εi j(2t − s)χ(s) − εi j(s)χ(2t − s)
]+ Dij[μi j(2t − s)χ(s) − μi j(s)χ(2t − s)]
+ Fi
[
γi(2t − s)χ(s) − γi(s)χ(2t − s)
]+ a[ω(2t − s)χ(s) − ω(s)χ(2t − s)]
= η(2t − s)χ(s) − η(s)χ(2t − s). (20)
By direct calculations, we deduce
η(2t − s)χ(s) − η(s)χ(2t − s)
= 1
T0
kij
[
χ(s)
2t−s∫
0
χ, j(ξ)dξ − χ(2t − s)
s∫
0
χ, j(ξ)dξ
]
,i
+ 1
T0
kij
[
χ,i(2t − s)
s∫
0
χ, j(ξ)dξ − χ,i(s)
2t−s∫
0
χ, j(ξ)dξ
]
+ 
T0
[
χ(s)
2t−s∫
P(ξ)dξ − χ(2t − s)
s∫
P(ξ)dξ
]
. (21)0 0
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t∫
0
ds
∫
B
1
T0
kij
d
ds
[( s∫
0
χ,i(ξ)dξ
)( 2t−s∫
0
χ, j(ξ)dξ
)]
dV =
∫
B
1
T0
kij
t∫
0
d
ds
[( s∫
0
χ,i(ξ)dξ
)( 2t−s∫
0
χ, j(ξ)dξ
)]
dsdV
=
∫
B
1
T0
kij
( t∫
0
χ,i(ξ)dξ
)( t∫
0
χ, j(ξ)dξ
)
dV . (22)
On the other hand, integrating by parts, we obtain
t∫
0
ds
∫
B
1
T0
kij
[
χ,i(s)
2t−s∫
0
χ, j(ξ)dξ − χ, j(2t − s)
s∫
0
χ,i(ξ)dξ
]
dV
=
t∫
0
ds
∫
B
1
T0
kij
d
ds
[( s∫
0
χ,i(ξ)dξ
)( 2t−s∫
0
χ, j(ξ)dξ
)]
dV . (23)
From (22) and (23) we deduce
t∫
0
ds
∫
B
1
T0
kij
[
χ,i(2t − s)
s∫
0
χ, j(ξ)dξ − χ,i(2t − s)
2t−s∫
0
χ, j(ξ)dξ
]
dV
= −
∫
B
1
T0
kij
[( s∫
0
χ,i(ξ)dξ
)( 2t−s∫
0
χ, j(ξ)dξ
)]
dV . (24)
If we take into account (19), (20), (21), (24), the divergence theorem and the fact that we have null initial data and
null boundary data, for the difference of two solutions, we obtain the desired result, namely, the identity (11). In this way,
Theorem 1 is demonstrated. 
The identity (11) constitutes the basis on which we shall prove the uniqueness and the continuous dependence results.
We proceed ﬁrst to obtain the uniqueness of the solution of the mixed initial–boundary value problem deﬁned by (8), (6)
and (7).
Theorem 2. Assume that the conductivity tensor kij is positive deﬁnite in the sense there exists a positive constant k0 such that
ki jξiξ j  k0ξiξi, ∀ξi .
Also, we suppose that the symmetry relations (5) are satisﬁed. If ∂B4 is not empty or a(x) = 0 on B, then the mixed initial–boundary
value problem in Thermoelastodynamics of microstretch materials has at most one solution.
Proof. Suppose, by contrary, that our mixed problem deﬁned by (8), (6) and (7) has two solutions (u(α)i ,ϕ
(α)
i ,ψ
(α), θ(α))
(α = 1,2), that correspond to the same initial and boundary data, to the same body force, body couple, generalized external
body load and the same heat supply.
If we denote by
vi = u(2)i − u(1)i , ψi = ϕ(2)i − ϕ(1)i , δ = ψ(2)i − ψ(1)i , χ = θ(2)i − θ(1)i , (25)
then we shall prove that
vi(x, t) = 0, ψi(x, t) = 0, δ(x, t) = 0, χ(x, t) = 0, ∀(x, t) ∈ B × [0, t0). (26)
It is clearly, the differences (vi,ψi, δ,χ) from (25) also represent a solution of our problem but with null body force, null
body couple, null generalized external body load and null heat supply. If we write the identity (11) for this particular case,
we have
2
∫ [
vi(t)v˙ i(t) + Ii jψ(t)ψ˙i(t) + Jδ(t)δ˙(t)
]
dV +
∫
1
T0
kij
( t∫
χ,i(ξ)dξ
)( t∫
χ, j(ξ)dξ
)
dV = 0.B B 0 0
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B
vi(s)vi(s)dV +
∫
B
Ii jψi(s)ψi(s)dV +
∫
B
Jδ2 dV +
s∫
0
∫
B
1
T0
kij
( τ∫
0
χ,i(ξ)dξ
)( τ∫
0
χ, j(ξ)dξ
)
dV dτ = 0.
Taking into account the properties of , Ii j , J and kij , the above identity proves that
vi(x, t) = 0, ψi(x, t) = 0, δ(x, t) = 0, χ,i(x, t) = 0, ∀(x, t) ∈ B × [0, t0/2). (27)
If ∂B4 is not empty, considering the boundary conditions (7), then from (27) we deduce that (26) holds. If a(x) = 0, from
the equation of energy (written for the differences) we get χ˙ = 0. However, χ vanishes initially, such that (26) again holds
true.
If t0 is inﬁnite, then the proof of Theorem 2 is complete. If t0 is ﬁnite, then we set
vi(x, t0/2) = v˙ i(x, t0/2), ψi(x, t0/2) = ψ˙i(x, t0/2) = 0,
δ(x, t0/2) = δ˙(x, t0/2) = χ(x, t0/2) = 0
and repeat the above procedure on the interval [t0/2, t0/2+ t0/4] in order to extend the conclusion (26) on B × [0,3t0/4),
and so on.
Finally, we obtain (26) on B × [0, t0) and this concludes the proof of Theorem 2. 
We are ready to state and prove the continuous dependence theorem with regard to body force, body couple, generalized
external body load and heat supply on the compact subintervals of the interval [0, t0) for the solution of the mixed initial–
boundary value problem deﬁned by the system of equations (8), the initial conditions (6) and the boundary conditions (7).
Theorem 3. Suppose the same conditions as in Theorem 2. Let (u(α)i ,ϕ
(α)
i ,ψ
(α), θ(α)) (α = 1,2) be two solutions of our mixed
problem which correspond to the same initial and boundary data but to different body force, body couple, generalized external body
load and the different heat supply, (F (α)i ,G(α)i ,L(α),P(α)) (α = 1,2), where
Fi = f 2i − f 1i , Gi = g2i − g1i , L = l2 − l1, P = r2 − r1.
Moreover, we suppose that there exists t∗ ∈ (0, t0) such that
t∗∫
0
∫
B
Fi(t)Fi(t)dV dt  M21,
t∗∫
0
∫
B
Gi(t)Gi(t)dV dt  M22,
t∗∫
0
∫
B
L2(t)dV dt  M23,
t∗∫
0
∫
B

T0
( t∫
0
P2(ξ)dξ
)2
dV dt  M24,
t∗∫
0
∫
B
ui(t)ui(t)dV dt  K 2,
t∗∫
0
∫
B
Ii jϕi(t)ϕ j(t)dV dt  M2,
t∗∫
0
∫
B
Jδ2(t)dV dt  N2,
t∗∫
0
∫
B

T0
χ2(t)dV dt  Q 2. (28)
Then we have the following estimate
∫
B
[
ui(s)ui(s) + Ii jϕi(s)ϕ j(s) + Jδ2(s)
]
dV +
s∫
0
∫
B
1
T0
kij
( t∫
0
χ,i(ξ)dξ
)( t∫
0
χ, j(ξ)dξ
)
dV dt
 t∗K
[ t∗∫
0
∫
B
Fi(t)Fi(t)dV dt
]1/2
+ t∗M
[ t∗∫
0
∫
B
Gi(t)Gi(t)dV dt
]1/2
+ t∗N
[ t∗∫
0
∫
B
L2(t)dV dt
]1/2
+ t∗Q
[ t∗∫
0
∫
B

T0
( t∫
0
P(ξ)dξ
)2
dV dt
]1/2
, (29)
where s ∈ [0, t0/2).
284 M. Marin / J. Math. Anal. Appl. 363 (2010) 275–286Proof. We will use the identity (11). On the right-hand side of this identity we employ the Schwarz’s inequality for each
integral.
For instance, we have
t∫
0
∫
B
ui(2t − s)Fi(s)dV ds
[ t∫
0
∫
B
Fi(s)Fi(s)dV ds
]1/2[ t∗∫
0
∫
B
ui(2t − s)ui(2t − s)dV ds
]1/2
=
[ t∫
0
∫
B
Fi(s)Fi(s)dV ds
]1/2[ 2t∫
t
∫
B
ui(s)ui(s)dV ds
]1/2
 K
[ t∗∫
0
∫
B
Fi(s)Fi(s)dV ds
]1/2
,
where, at last, we use the substitution 2t − s → s.
We proceed analogously with other integrals in the identity (11). Finally, we integrate the resulting inequality over [0, s],
s ∈ [0, t∗/2] and we obtain the inequality (29) and the proof of Theorem 3 is complete. 
In the following theorem, we will use the estimate (29) in order to deduce a continuous dependence result upon initial
data.
Theorem 4. Assume that the symmetry relations (5) are satisﬁed. Consider
(
u1i ,ϕ
1
i ,ω
1, θ1
)
,
(
u1i + vi,ϕ1i + ψi,ω1 + δ, θ1 + χ
)
two solutions of the mixed initial–boundary value problem deﬁned by (8), (6) and (7) which correspond to the same body force, body
couple, generalized external body load and heat supply and to the same boundary data, but to different initial data
(
u10i,u
1
1i,ϕ
1
0i,ϕ
1
1i,ω
1
0,ω
1
1, θ
1), (u20i,u21i,ϕ20i,ϕ21i,ω20,ω21, θ2),
where
u20i = u10i + a0i , u21i = u11i + a1i , ϕ20i = ϕ10i + b0i ,
ϕ21i = ϕ11i + b1i , ω20 = ω10 + c0, ω21 = ω11 + c1, θ2 = θ1 + d0.
Here the perturbations (a0i ,a
1
i ,b
0
i ,b
1
i , c
0, c1,d0) obey the following restrictions
∫
B

(
a0i a
0
i + a1i a1i
)
dV  M25,
∫
B

(
b0i b
0
i + b1i b1i
)
dV  M26,
∫
B

((
c0
)2 + (c1)2)dV  M27,
∫
B
T0

η20 dV  M28,
where we used the notation
η0(x) = Eij(x)
[
a0j,i(x) + εi jkb0k(x)
]+ Dij(x)b0j,i(x) + Fi(x)c0,i + αc0(x) aT0 d0(x).
We deﬁne
Ui(x, t) =
t∫
0
s∫
0
vi(x, τ )dτ ds, Φi(x, t) =
t∫
0
s∫
0
ψi(x, τ )dτ ds,
Ψ (x, t) =
t∫ s∫
δ(x, τ )dτ ds, Θ(x, t) =
t∫ s∫
χ(x, τ )dτ ds. (30)0 0 0 0
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∫
b
[
Ui(t)Ui(t) + Ii jΦi(t)Φ j(t) + JΨ 2(t)
]
dv +
t∫
0
∫
B
1
T0
kij
( s∫
0
Θ,i(ξ)dξ
)( s∫
0
Θ, j(ξ)dξ
)
dV ds
 t∗K
[
(t∗ + t∗/2)
∫
B
a0i a
0
i dV +
(
t2∗/2+ t3∗/3
)∫
B
a1i a
1
i dV
]1/2
+ t∗M
[
(t∗ + t∗/2)
∫
B
Ii jb
0
i b
0
i dV +
(
t2∗/2+ t3∗/3
)∫
B
Ii jb
1
i b
1
i dV
]1/2
+ t∗N
[
(t∗ + t∗/2)
∫
B
J
(
c0
)2
dV + (t2∗/2+ t3∗/3)
∫
B
J
(
c1
)2
dV
]1/2
+ t7/2∗ Q 1√
20
(∫
B
T0

η20 dV
)1/2
. (31)
Proof. Integrating by parts in (30), we deduce
Ui(x, t) =
t∫
0
(t − s)vi(x, s)ds, Φi(x, t) =
t∫
0
(t − s)ψi(x, s)ds,
Ψ (x, t) =
t∫
0
(t − s)δ(x, s)ds, Θ(x, t) =
t∫
0
(t − s)χ(x, s)ds.
It is easy to prove that the difference functions (vi,ψi, δ,χ) satisfy the equations of motion and the equation of energy as
in (8), but with null loads
f i = gi = l = r = 0.
Also, by direct calculations we deduce that the difference functions satisfy the initial conditions in the form
vi(x,0) = a0i (x), v˙ i(x,0) = a1i (x), ψi(x,0) = b0i (x), ψ˙i(x,0) = b1i (x),
δ(x,0) = c0(x), δ˙(x,0) = c1(x), χ(x,0) = d0(x), ∀x ∈ B.
Then, a straightforward calculus proves that the functions (Ui,Φi,Ψi,Θ) deﬁned in (30) satisfy the equations of motion and
the equation of energy as in (8), but with the following loads
f i(x, t) = a0i (x) + ta1i (x),
gi(x, t) = b0i (x) + tb1i (x),
l(x, t) = c0(x) + tc1(x),
r(x, t) = T0t
[
Eij(x)
(
a0j,i(x) + εi jkb0k(x)
)+ Dij(x)b0j,i(x) + Fi(x)c0,i + αc0(x) aT0 d0(x)
]
.
By using these speciﬁcations, the estimate (31) follows from (29) and Theorem 4 is concluded. 
Finally, we obtain a continuous dependence result of the solution to the problem (8), (6) and (7) upon the thermoelastic
coeﬃcients, again as a consequence of Theorem 3.
Theorem 5. Assume that the symmetry relations (5) are satisﬁed and consider(
u1i ,ϕ
1
i ,ω
1, θ1
)
,
(
u1i + vi,ϕ1i + ψi,ω1 + δ, θ1 + χ
)
two solutions of the mixed initial–boundary value problem deﬁned by (8), (6) and (7) which correspond to the same body force, body
couple, generalized external body load and heat supply and to the same boundary and initial data, but to different thermoelastic
coeﬃcients(
A(1)i jrs, B
(1)
i jrs, D
(1)
i jr ,a
(1)
i j , E
(1)
i j ,C
(1)
i jrs, E
(1)
i jr ,b
(1)
i j , D
(1)
i j ,C
(1)
i j ,k
(1)
i j ,d
(1)
i , F
(1)
i ,m
(1),α(1),a(1)
)
,(
A(1)i jrs + Ai jrs, B(1)i jrs + Bi jrs, D(1)i jr + Di jr,a(1)i j + αi j, E(1)i j + Ei j,C (1)i jrs + Ci jrs, E(1)i jr + Ei jr,
b(1) + βi j, D(1) + Di j,C (1) + Ci j,k(1) + κi j,d(1) + qi, F (1) + Fi,m(1) + μ,α(1) + γ ,a(1) + ζ
)
.i j i j i j i j i i
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value problem deﬁned by (8), (6), and (7) that satisﬁes the condition
t∗∫
0
∫
B
(
ui, jui, j + ui, jkui, jk + u˙i, j u˙i, j + ϕi, jϕi, j + ϕi, jkϕi, jk + ϕ˙i, jϕ˙i, j
+ ω, jω, j + ω, jkω, jk + ω˙2 + θ, jθ, j + θ, jkθ, jk + θ˙2
)
dV ds M29
depends continuously on the thermoelastic coeﬃcients on the interval [0, t∗/2] in
∫
B
[
vi(t)vi(t) + Ii jψi(t)ψ j(t) + Jδ(t)δ(t)
]
dV +
t∫
0
∫
B
1
T0
kij
( s∫
0
χ,i(ξ)dξ
)( s∫
0
χ, j(ξ)dξ
)
dV ds.
Proof. A straightforward calculation proves that the perturbations (vi,ψi, δ,χ) of two solutions verify the equations of
motion and the equation of energy with the following body force, body couple, generalized external body load and heat
supply:
f i = Ai jrsε(2)rs + Bi jrsμ(2)rs + Di jrγ (2)r + αi jω(2) − Ei jθ(2),
gi = Brsrsε(2)rs + Ci jrsμ(2)rs + Ei jrγ (2)r + βi jω(2) − Di jθ(2),
l = Drsiε(2)rs + Ersiμ(2)rs + Ci jγ (2)j + qiω(2) − Fiθ(2),
r
T0
= Ei jε(2)i j + Di jμ(2)i j + Fiγ (2)i + γω(2) +
ζ
T0
θ(2) − 1
T0
(
κi jθ
(2)
, j
)
,i .
Thus the problem is analogous to the problem from Theorem 4. Therefore, according to the estimates (31) and (29) we
obtain the desired result. 
Conclusion. The uniqueness theorem and the continuous dependence theorems were proved without recourse to any con-
servations law or to any boundedness assumptions on the thermoelastic coeﬃcients. In various papers, the existence of the
solution to the mixed initial–boundary value problem deﬁned by (8), (6) and (7) is obtained by assuming some strong re-
strictions. For instance, in the paper [9] the existence of the solution is obtained under assumption that the internal energy
density is positive deﬁnite.
References
[1] L. Brun, Méthodes énergétiques dans les systémes évolutifs linéaires, J. Mecanique 8 (1969) 167–192.
[2] M. Ciarletta, On the bending of microstretch elastic plates, Internat. J. Engrg. Sci. 37 (1995) 1309–1318.
[3] A.C. Eringen, Theory of micromorphic materials with memory, Internat. J. Engrg. Sci. 10 (1972) 623–641.
[4] A.C. Eringen, Theory of thermo-microstretch elastic solids, Internat. J. Engrg. Sci. 28 (1990) 1291–1301.
[5] A.C. Eringen, Microcontinuum Field Theories, Springer-Verlag, New York, 1999.
[6] A.E. Green, N. Laws, On the entropy production inequality, Arch. Ration. Mech. Anal. 45 (1972) 47–59.
[7] D. Iesan, A. Pompei, Equilibrium theory of microstretch elastic solids, Internat. J. Engrg. Sci. 33 (1995) 399–410.
[8] D. Iesan, L. Nappa, Extension and bending of microstretch elastic cylinders, Internat. J. Engrg. Sci. 33 (1995) 1139–1151.
[9] D. Iesan, R. Quintanilla, Thermal stresses in microstretch bodies, Internat. J. Engrg. Sci. 43 (2005) 885–907.
[10] M. Marin, On the non-linear theory of micropolar bodies with voids, J. Appl. Math. 2007 (2007) 1–11.
[11] M. Marin, On the minimum principle for dipolar materials with stretch, Nonlinear Anal. Real World Appl. 10 (2009) 1572–1578.
[12] N.S. Wilkes, Continuous dependence and instability in linear thermoelasticity, SIAM J. Appl. Math. 11 (1980) 292–299.
